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Abstract

In the paper the Power-Oriented Graphs (POG) technique is used for modelling n-phase per-
manent magnet synchronous motors. The POG technique is a graphical modelling technique
which uses only two basic blocks (the “elaboration” and “connection” blocks) for modelling
physical systems. Its main characteristics are the following: it keeps a direct correspondence
between pairs of system variables and real power flows; the POG blocks represent real parts of
the system; it is suitable for representing physical systems both in scalar and vectorial fashion;
the POG schemes can be easily transformed, both graphically and mathematically; the POG
schemes are simple, modular, easy to use and suitable for education. The POG model of the
considered electrical motor shows very well, from a “power” point of view, its internal struc-
ture: the electric part of the motor interacts with the mechanical part by means of a “connection”
block which neither store nor dissipate energy. The dynamic model of the motor is as general
as possible and it considers an arbitrary odd number of phases and an arbitrary number of har-
monics of the rotor flux waveform. Generalized orthonormal transformations allow to write the
dynamic equations of the system in a very compact way. The model is finally implemented
with Matlab/Simulink software. The Simulink structure of the motor clearly reflects its POG
representation. Simulation results are then presented to validate the machine model.
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1 Introduction

A well known graphical technique for modelling phys-
ical systems is the Bond Graphs technique, see [1], [2]
and the references therein. This modelling technique
uses power interaction between systems as the basic
concept for modelling. It has also a formal graphical
language to represent the basic components that may
appear in a broad range of physical systems. How-
ever this technique has few drawbacks: the graphical
schematic representation needs more than 10 symbols
to represent physical systems and it is not easily read-
able; the “power” variables must be classified in “ef-
fort” and “flow” variables and finally the implemen-
tation of the bond graphs on a general purpose com-
puter simulator may require a non trivial “translation”
(causality problem).

As for Bond Graphs, the basic idea of the Power-
Oriented Graphs (POG) modelling technique is to use
the power interaction between subsystems as basic con-
cept for modelling. Please refer to [3], [4] and [5] for
further details. This approach allows the modelling
of a wide variety of systems involving different ener-
getic domains. Differently from the bond graphs tech-
nique, the POG modelling technique uses only three ba-
sic symbols, it does not need to classify the power vari-
ables and it solves directly the causality problem. By
this way, the POG schemes are easily readable, close to
the computer implementation and allow reliable simu-
lations using every computer simulator. A list of refer-
ences of examples of application of the POG technique
can be found in [6].

The paper is organized in the following way. Section 2
states the basic properties of the POG modelling tech-
nique. Section 3 shows the details of POG modelling
of n-phase permanent magnet synchronous motors. Fi-
nally, in Section 4 some simulations are reported.

1.1 Notations

In the paper the following notations will be used:
- Row matrices:

K3

|[ R; ]| = [ R R R, ]
1n
- Column and diagonal matrices:
R1 Rl
% RQ [ R2
[R)=| . | [”i]= |
1:n 1:n .
Rn Rn
- Full matrices:
R11 R12 le
i j Ra1 Rao Rom,
[ Ri; ]7| = . . .
1in 1:m . . .
Rnl Rn2 an
- The symbol

b
§ Cp = Cq + Catd + Cat2d + Cat3d + -

n=a:d

will be used for representing the sum of a succession
of numbers ¢,, where the index n ranges from a to b
with increment d that is, using the Matlab symbology,
n=/[a:d:b.

- The symbol |z | will be used for denoting the integer
part of = rounded towards below.

- The symbol I,,, will be used for denoting the identity
matrix of order m.

- Function mod (6, 27) is the remainder of variable ¢
after division by coefficient 2.

2 Thebases of Power-Oriented Graphs

The “Power-Oriented Graphs” are “signal flow graphs”

combined with a particular “modular” structure essen-
tially based on the two blocks shown in Fig. 1. The ba-
sic characteristic of this modular structure is the direct
correspondence between pairs of system variables and
real power flows: the product of the two variables in-
volved in each dashed line of the graph has the physical
meaning of “power flowing through the section”. The
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Fig. 1 Basic blocks: elaboration block (e.b.) and con-
nection block (c.b.).

two basic blocks shown in Fig. 1 are named “elabora-
tion block” (e.b.) and “connection block” (c.b.). The

circle present in the e.b. is a summation element and
the black spot represents a minus sign that multiplies
the entering variable. There is no restriction on x and y
other than the fact that the inner product (x,y) = x"y
must have the physical meaning of a “power”.

The e.b. and the c.b. are suitable for representing both
scalar and vectorial systems. In the vectorial case, G(s)
and K are matrices: G(s) is always square, K can also
be rectangular. While the elaboration block can store
and dissipate energy (i.e. springs, masses and dampers),
the connection block can only “transform” the energy,

that is, transform the system variables from one type of
energy-field to another (i.e. any type of gear reduction).
In the linear vectorial case when G(s) = [M s + R]?,
(M is symmetric and positive definite) the energy E
stored in the e.b. and the power P, dissipating in the
e.b. can be expressed as:

1
Es = _yTMYa

P,=yR
B da=y ny

There is a direct correspondence between POG repre-
sentations and the corresponding state space descrip-



tions. For example, the system

Lx
Yy

can be represented by the POG scheme shown in Fig. 2.

Ax + Bu

Bix L=L">0 (1)
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Fig. 2 POG block scheme of a generic dynamic system.

When an eigenvalue of matrix L tends to zero (or to
infinity), system (1) degenerates towards a lower di-
mension dynamic system. In this case, the dynamic
model of the “reduced” system can be directly obtained
from (1) by using a simple “congruent” transformation
x = Tz (T is constant):

T LTz=T ATz+T Bu Lz = Az+Bu
y=B'Tz = y = B'z

where L = T'LT, A = T"AT and B = T'B. If
matrix T is time-varying, an additional term T'LTz
appears in the transformed system. When matrix T is
rectangular, the system is transformed and reduced at
the same time.

3 Electrical motors modelling

In this paper we will refer only to permanent magnet
synchronous electrical motors with an odd number of
phases. In Fig. 3 it is shown the electromechanical
structure of a five-phase motor in the case of single
polar expansion (p = 1). The considered multi-phase
electrical motor is characterized by the following para-
meters:

Fig. 3 Structure of a five-phase motor in the case of sin-
gle polar expansion (p = 1)

m :number of motor phases;

p :number of polar expansions;

6, :rotor angular position;

w,- . rotor angular speed;

0 :electricangle: 6 = p6,;

N, :number of coils for each phase;

R; :i-th phase resistance (p = 1);

L; :i-th phase self induction coefficient (p = 1);
M;; :mutual induction coefficient of -th phase

coupled with j-th phase (p = 1);

¢(0) :rotor permanent magnet flux;
¢(0) :total rotor flux chained with stator phase 1;

 total rotor flux chained with stator phase i-th;
@, :maximum value of function ¢(6);

e - maximum value of function ¢.(0);
J,.:rotor inertia momentum;

b, :rotor linear friction coefficient;

7 . electromotive torque acting on the rotor;

7. :external load torque acting on the rotor;

~  :basic angular displacement;

Fluxes ¢(0) and ¢.(#) satisfy relations:

¢c(9) =pN, ¢(9) =pNcop, ¢(0) = Pe ¢(0)

where ¢. = p N. o, and ¢(6) is the rotor flux function
normalized respectively to its maximum value ¢,..

Let v = 3—,’: denote the basic angular phase displace-
ment for electrical motors with m phases. Referring to
the considered multi-phase electrical motor, the follow-
ing hypotheses are assumed:

H1) Function ¢(#) is periodic with period 2;

H2) Function ¢(0) is an even function of 6;

H3) Function ¢(# + %) is an odd function of ¢,

H4) For & = 0 the rotor flux ¢ .(¢) chained with phase
1 is maximum;

H5) The electrical motor is homogeneous in its electri-
cal characteristics.

The electrical coupling of a generic couple of phases i
and j of the motor is shown Fig. 4. The differential
equation describing the dynamic behaviour of the i-th



| oOP.(6) ! Wr ! !
v -t oo
| | | 00 | 1 | |
| | | | | |
| | | | 1 |
| | | | — | —XL }
| | | | Jr | |
| | | | | |
| | | | | |
| | | | | |
| | | | | |
| | | | | |
| | | | | |
fe— ¥ ] 0% |, ‘ ‘
: e :
} Electrical part } Energy 1

©)

@ conversion @

Fig. 5 POG scheme of the multi-phase motor dynamic model.

Fig. 4 Electric coupling of a generic couple of phases i
and 5 of the motor.

phase of the motor is the following:

d(gci
dt
where V; — V4 is the voltage applied to the i-th phase

and ¢, is the total magnetic flux chained with the i-th
phase:

m
$ci =pLili +p Z Mijl; + ¢ei(0) . (3)
J=1, j#i

Vo represents the reference common voltage for all the
phases. If the m phases are star-connected it can be
shown that Vj is the voltage at the star centre and
Vo = % >, Vi. However, when the system is star-
connected the input voltages V; are defined with a de-
gree of freedom, so without loss of generality in (2) one
can set Vo = 0. If the m phases are independent, V;
is the ground voltage and in this case too one can set
Vo = 0. Let’s introduce the vectors:

I Vi

I Va
=1 . |, V= .

I m ern

and let’s indicate with ®.(6) the vector of chained rotor
fluxes. Due to the magnetic symmetry of the electrical

motor (see H5) we have that:

(0
] [ e
B,(0) = : pe(0 — 27) . @)
oen@1 | 4.6~ (m-1)

Let &, denote the vector of “chained total magnetic
fluxes” defined in (3):

&)C(Ia 9) =LI+ q)c(e) (5)

where L > 0 is the following positive-definite symmet-
ric matrix:

Ly My Mz --- M,

My Lo Mo --- Moy,

L=p Mz My Lz -+ Msy
M 1im M. 2m M. 3m L m

The system of m differential equations (2) can be
rewritten in matrix form as:

d®.(1,0)
dt

where R is the diagonal matrix:

=V -RI (6)

R=p[R].

1:m

From Eqgs. (4) and (5) we have that:

E
d(LT) 0®.(0)
o = V-RI-p—Z 0w ()
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Fig. 6 POG scheme of a multi-phase electrical motor in the transformed space X2,.

where K, () = p22?) js the vector that multi-

plied by w,. gives the counter-electromotive forces E =
K, (f)w acting on the electrical part of the motor. The
differential equation describing the mechanical part of
the motor is:

d(Jrwy)
dt

Since the energy E(I,w,,0,) stored in the electro-
mechanical system is:

by wy-. (8)

=T —Te —

1 ®.(p6,) 1
B(Lw,,0,) = 5TLL+ AIT AP (ph;) + 5o}

the electromotive torque can be calculated as follows:

_OE(Lw,,0,)  0®L0) . .
=gy =y 1= KO L
——

K (0)

Relations (7) and (8) can be graphically represented
by the POG scheme shown in Fig. 5. The elaboration
blocks present between the power sections @ and @
represent the Electrical part of the system, while the
blocks between sections®) and@® represent the Mechan-
ical part of the system. The connection block present
between sections @ and @ represents the conversion
of energy and powers (without accumulation nor dissi-
pation) between the electrical and mechanical domains.
Function ¢.(0) is even and periodic of period 27 so it
can be developed in Fourier series of cosines with only
odd harmonics:

$e(0) = 0 B(0) = o Y an cos(nd).  (9)

n=1:2

From (4) and (9) it follows that vector ®.(¢) can be
rewritten in a compact form as:

®.(0) = ¢ [ Z an cos[n(f — h~y)] H (10)

0:m—1

From (7) and (10) one obtains vector K -(6):

h

K, (0) =pec [ Z nay sin[n(—h-v)] H (11)

0:m—1

Let us now consider the two following orthonormal
transformations:

Ty J2 | eostn), —sintiin . [
V= ok R, —smBip ) [W”

0:m—1
k
cos(kf)  sin(k) 0
T, = —sin(kf) cos(k0) ’
1:2:m—2
0 1

Matrix T is similar to the generalized Concordia
transformation but with a permutation on columns. This
matrix transforms the system variables from the orig-
inal reference frame X; to an intermediate reference
frame ;. Matrix *T, represents a multiple rotation
in the state space as function of the electrical motor
angle 6. This matrix transforms the system from the
intermediate reference frame X, to final rotating ref-
erence frame X,,. The product of these two matrices
t, = T, T, is still an orthonormal transformation,
from X, to X, with the following structure:

- B
[ cos(k (8 — h7y)) ]
/ k@ —h
tTL = th = z 1 2rrSLl—nQ( ( ’y()):)m—l
m
h
[
V2
L 0:m—1 _

Since the multi-phase motor is homogeneous in its elec-



trical characteristics, see hypothesis H5, we can set

M; j = Mo cos((i — 7))
Li = A0+ My
R, =R

i,7€{1,2,....,m}

where A( and M are proper parameters characterizing
the self and mutual induction coefficients of the motor
phases. Applying transformation T, to matrices L, R
and K () one obtains the following transformed ma-
trices“L = “T; LT, “R and “K . (6):

Ao+ 0 0---0
0 Ag+2Me 0 0 -+ 0
y 0 0" D0 -0
L=p 0 0 0 Ag--- 0 |
0 0 0 0 - A
“R=“T,R'T, =R =pRIL,,
m
“Kr(0) = “T: Ko (0) = —pyey | 5
- ;
(oo}
Z[(n+ k) anpi+ (n—k) an—g) sin(nd)
n=0:2m
o0 (12)
Z[(n+ k) anpe— (n—k) an_i] cos(nd)
n=0:2m
1:22m—2
(oo}
-2 Z nay, sin (nh)
L n=m:2m _

Note that vector “K, (9) is composed only by harmon-
ics sin(nd) and cos(nf) where n is an integer number
multiple of 2m. Moreover, vector “K . (¢) can be eas-
ily computed knowing the coefficients a,, of the Fourier
series of the rotor flux, see Eq. (9).

In the transformed space X, the dynamic equations of
the multi-phase electrical motor (both mechanical and
electrical parts) can be represented in compact form as:

“LI0](“I| _ [“R+J.“L|“K/|[“T] [“V
o e s o el e

(13)
where “I = “T, 1, ¥V = “T; V and matrix J, is:
k
0 —kw
J, = kw 0
1:2:m—2
0 1

where w = 6. If the m phases of the rotor are star-
connected then }"." | I; = 0 and so “I,,, = 0. In this
case the m-th equation of system (13) is a static relation
that can be eliminated letting the system reduce to order
m — 1.

The POG scheme describing the considered multi-
phase electrical motor in the transformed space ¥, is
shown in Fig. 6. Note that the POG scheme is easy to
read, it clearly shows the sections where powers flow
(the thin dashed lines) and it has a direct correspon-
dence with the state space description (13). Moreover,
this POG scheme can be directly introduced (more or
less “as it is”) and simulated in Simulink.

3.1 Fourier series of the rotor flux

The Fourier series of some periodic rotor fluxes of prac-
tical interest are listed below.

- Trapezoidal waveform, see Fig. 8:

#(0) = % sin (ng) Sil;(:;y) cos(nd). (14)

NE

n=1:2

The Fourier series of the Square and Triangular wave-
forms can be easily obtained from (14) by setting, re-

spectively, « = 0 and o = 3.
- Cosinusoidal interpolatated waveform.  The signal

¢(6) shown in Fig.9 is defined as follows:

¢(0)

2x 70
6(0) = — cos (%) + 5% 6 € [0,q]
-0, 0 e [a, g]
Its Fourier series is:
= 47 cos(na)
¢(0) = 7222 W2 (x2 — 4n?a?) cos(nd).
The normalized function is:
- o(0)
(0) = 55— (15)
(F+3-a)
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Fig. 10 Periodic signals ¢(r, 0) forr = 3,5,7.

- Odd polynomial interpolation. Let us consider the
family of periodic signals ¢(r, #) shown in Fig.10

- _Jo(r, ), 6€]0,q]
o, 0) = {1, 6e o]
where g?)(r, 6) is a polynomial (r is odd) with the fol-
lowing structure:
o(r, 0) = dy(r)0 + ds(r)0° + ... + d,.(r)6".

The polynomial coefficients d; () can be computed, for
i€ {1, 3, ..., r}, considering the following continuity
conditions:

¢(T7 a) =1

é/(rv a) =0

HFr a) = 0
The Fourier series of signals ¢(r, 0) is

oo

$(r, 0) = > bu(r) sin(nf)

n=1:2

(16)
where coefficients b,,(r) can be calculated using the

general formula reported in Fig. 7.

- Even polynomial interpolation. Let us consider the
family of periodic signals ¢(g, §) shown in Fig.11:

qg(q, 0), 0€l0,a]
¢(q,0) = { E

ng, 96[04

]

Fig. 11 Periodic signals ¢(q, 8) for ¢ = 2,4, 6.

where ¢(q, 6) is a polynomial (q is even) with the fol-
lowing structure:

3(g,0) = co(q) + c2(0)0° + ca(@)0* + ... + c4(q)07
The polynomial coefficients ¢;(g) can be computed, for

i € {0, 2, ..., g}, considering the following continuity
conditions:

é;((ba) - %*a

¢/(Qa Oé) =-1

¢ (q0) =0 for je{2,...,4}

The Fourier series of signals ¢(gq, ) is:

oo

60, 9)= 3 au(q) cos(nd)

n=1:2

a7

where the series coefficients a,,(¢) can be obtained
from the coefficients b,, () reported in Fig. 7 as follows:

_ ba(r)
an(q) T
The normalized signals
- 1
o(q, 0) = c()(q)¢>(q, 0) (18)

can be obtained from signals ¢(q, ) dividing by coef-
ficient co(q):



Note that the derivative % of signal ¢(q, ) when
q = 2 has a trapezoidal shape and so for this type of ro-
tor flux the counter-electromotive forces E = K - (f)w
have a trapezoidal shape proportional to the motor ve-
locity w, see eq. (7).

4 Simulations

The POG scheme shown in Fig. 6 has been imple-
mented in Simulink. Simulations described in this Sec-
tion have been obtained using the following electrical
and mechanical parameters: m = 5,p =4, R = 39,
Lo = 0.1H, My = 0.08H, N, = 100, N, = 200,
¢r = 0.02W, J,, = 1.6 kgm?, b,, = 0.8 Nm s/rad.
Parameter NN, is the number of harmonics considered
in Fourier series expansion of the rotor flux function.
The simulations have been obtained with star connected
phases and using for the rotor flux the cosinusoidal in-
terpolated waveform ¢(6) with o = %, see (15). Sym-
metric input voltages have been considered, it is to say:

V; = Vg cos(2m t + i), i€{0,1,..., m}

with V, = 80 V. At time t = 2 s the load torque 7.
switches from 0 to 100 Nm. Figs. 12, 13 and 14 show
the simulation results obtained for the following vari-
ables: phase currents I and “T in the X; and X, refer-
ence frames; motor angular velocity w,.; electromotive
torque 7,.; symmetric m-phases input voltages V and
counter-electromotive voltages “E in the transformed
Y., reference frame.

Phase currents Iin the reference frame Et

? 6""""""&'&&‘«”‘”‘”

Phase currents “I in the transformed frame X,

* Time[g
Fig. 12 Phase currents I and “I in the original ¥; and
in the transformed X3, reference frame respectively.

Let us now consider the control law V; = V), S;, for

i€40,1,..., m}, where:
1 ; € [7 + a, 27 — a
S, = -1 0; € [, T — ]
0 otherwise (19)
0; = mod (6 4 (¢ — 1), 27)

This control law can be applied to the POG schemes
shown in Figs. 5 and 6 by connecting at the power sec-
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Fig. 13 Angular velocity w, of the motor and electro-
motive torque ;- generated by the motor currents 1.

Symmetric m-phas% input voltages V
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Fig. 14 Symmetric m-phases input voltages V and
counter-electromotive voltages “E in the transformed
Y., reference frame.

tion(® of these schemes the connection block shown in
Fig. 15.

The simulation results shown in Figs. 16 and 17 refer to
the same system parameters used in the previous sim-
ulation except for: number of polar expansion p = 1;
the load torque is applied at time ¢ = 1.5; for the ro-
tor flux it has been chosen the normalized even poly-
nomial interpolation function ¢(q, ) with ¢ = 2 and
a = g, see (18). In this case the shape of the counter-
electromotive voltages F; is trapezoidal as it is evident
in the upper part of Fig. 17. This type of control gen-
erates high torques 7. when the angular velocity w,. is
small, see the upper part of Fig. 16 and the lower part
of Fig. 17. The behaviour of the controlled system is
stable with compared to the variations of the external
torque 7, in fact the motor torque 7. increases to face
the increased external torque 7., see Fig. 17.
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Fig. 15 POG connection block that can be used to ap-
ply the control law (19) to the POG schemes shown in
Figs. 5and 6.
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Fig. 16 Angular velocity w,. and phase currents I of the
motor.

Counter-el ectromotive voltages E
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Fig. 17 Counter-electromotive voltages E and motor
torque 7.

5 Conclusions

In this paper a n-phase permanent magnet synchronous
motor has been modelled using the Power-Oriented
Graphs (POG) technique. This approach exhibits some
advantages in comparison with other graphical tech-
niques and allows to realize a very compact model
scheme. Moreover it can be easily translated into a
Simulink model. Some simulations are carried out in
order to show the effectiveness of the realized model
in the case of a five-phase motor with star connection
configuration. A brief list of Fourier series of the ro-
tor flux signals has been presented and then used in the
Simulink model.
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